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1. Theoretical model

Structural racism affects systems of housing, education, em-
ployment, earnings, benefits, credit, media, healthcare, and crim-
inal justice (Bailey et al., 2017), but here we focus only on
employment (in frontline work) and housing (overcrowding), as
they affect exposure to SARS-CoV-2 (two other factors, com-
muting (McLaren, 2020; Kissler et al., 2020), and incarceration
(Simpson and Butler, 2020; Montoya-Barthelemy et al., 2020)
are also significant drivers of exposure that have major racial
disparities; but we did not investigate these). In addition to the
direct effect caused by greater exposure to SARS-CoV-2, there
are numerous causal pathways by which racism leads to lower
overall physical and mental health.

We do not engage in original modeling to show the rela-
tionship of COVID-19 cases or deaths to race, by itself or in
combination with frontline work or overcrowded housing. This
is because, at the available resolution of publicly-available data,
only ecological regression models are possible, and these have
already been explored in the literature (Millett et al., 2020; Ad-
hikari et al., 2020; Cowger et al., 2020; Cordes and Castro, 2020;
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Karaca-Mandic et al., 2020; McLaren, 2020; Lieberman-Cribbin
et al., 2020; Gold et al., 2020; Wu et al., 2020). These have
also been validated by individual-level models by those with
access to such data (Yehia et al., 2020; Renelus et al., 2020).
Consequently, we focus our contribution on exploring the larger
structural issues and imagining alternatives (Kelley, 2002; Hart-
man, 2008; da Silva, 2014, 2015; Mignolo, 2015).

2. Pathways of a reparations intervention

We take as our specific proposed reparations plan (Darity
and Mullen, 2020) one that eliminates of the Black-white wealth
differential at the national level now approaching an average
of $850,000 (Bhutta et al., 2020). We assume that reparations
would directly affect occupation and housing, thereby decreasing
two major sources of inequality affecting differential exposure
rates.

For occupation, our assumption is justified by evidence that
certain people in frontline jobs work there only in order to sur-
vive. In fact, risky (health-endangering) jobs are often poorly
compensated (Morgan et al., 2013), which makes economic
sense only under labor market segregation (Carrieri et al., 2011;
Cozzi, 2012)—that certain people (i.e., Black and brown peo-
ple) are locked out of large portions of the labor market and are
forced to take risky jobs.

Reparations that allow people to not need frontline jobs
would both spread the risk of these jobs across the population,
and could also lead to overall higher wages and better working
conditions in frontline work—if people are not forced to take
such work out of desperation, especially during a pandemic
(Gershon et al., 2010), then wages and benefits would reflect the
risk of these jobs. Anecdotally, this is what has happened in the
Stockton, California basic income experiment (Emison, 2020).

For housing, our assumption is similarly justified by previous
findings. Some analysis has used a casino opening on the Eastern
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Cherokee reservation as a natural experiment for looking at the
impact of unconditional cash transfers, as a portion of the profits
generated from was distributed on a per capita basis to all adult
tribal members. In terms of housing, there was an increase
(only for those residing outside the reservation) of households
moving to census tracts with higher median household incomes
(Akee et al., 2015). Even if cash transfers do not lead to moving,
spending a smaller proportion of income on housing (Morrell
and Kiersz, 2014) allows spending on necessities and dealing
with unexpected shocks.

There is also evidence for the benefits of unconditional cash
transfers on health outcomes, particularly for the children of
transfer recipients (Akee et al., 2013).

Referencing Malcolm X’s famous distinction between pulling
the knife out and healing the wound left by the knife, we do
not imagine that reparations would solve every problem. End-
ing anti-Black police violence and ending mass incarceration—
aspects of pulling the knife out rather than healing the wound
(compensating for the harm as reparations does)—are essential
but cannot be accomplished exclusively by reparations. However,
more wealth does provide greater political agency to influence
both sets of policies and greater resources to obtain quality legal
counsel in dealing with both of these types of harms.

3. Black populations and ancestry in Louisiana

Black American descendants of persons enslaved in the U.S.
have a specific legal claim to reparations from the United States
government, based on the undelivered promise of “40 acres
and a mule” (Darity and Mullen, 2020). Black descendants of
persons enslaved elsewhere from the trans-Atlantic slave trade,
such as in Brazil, Jamaica, Haiti, and elsewhere in the West
Indies and Latin America, have claims against other bodies—
namely, the governments of the U.K., France, Portugal, Spain,
and other European powers. And, while we are not focusing on
other claims, we do note that all Black Americans, both those
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descended from persons enslaved in the U.S. and/or who suffered
under segregation and those who are recent immigrants to the
U.S., arguably have a separate moral claim to reparations for the
effects of ongoing systemic racism. For example, while Black
immigrants initially have better health outcomes than Black
American descendants of persons enslaved in the U.S., the longer
they spend in the U.S., the more their health outcomes deteriorate
to the same level (Doamekpor and Dinwiddie, 2015). However,
as this is a consequence of systems of injustice built around and
focused on the descendants of persons enslaved in the U.S., we
prioritize this latter group. Other groups, including indigenous
peoples, non-Black people of color, and the victims of U.S.
imperialism and colonialism both domestically and abroad also
have moral claims (and, for indigenous peoples, legal as well,
on the basis of treaties the U.S. has failed to honor; Taylor et al.,
2019) to reparations from the U.S., but we do not consider these
here.

Thus, we are taking as our hypothetical intervention a ver-
sion of reparations based on the legal claims of Black American
descendants of persons enslaved in the U.S. This means that
Black Americans not descended from persons enslaved in the
U.S. (i.e., not descended from enslaved persons, or descended
from persons enslaved elsewhere), as well as other marginalized
groups who are also morally deserving of reparations, would not
receive them on this basis.

Louisiana is, unlike other places in the U.S., distinct in
having relatively small populations both of Black immigrants
and of non-Black people of color. We use the ACS Public Use
Microdata Sample (2018 5-year estimates) to show this. Since
there is no Census category for being the descendant of persons
enslaved in the U.S., we rely on looking at estimated numbers of
people who are classified as “Black alone or in combination with
one or more other races” and cross-reference it with a “Detailed
Ancestry” variable, looking at ancestry outside of the United
States (Table 1). While it is possible that some Black American
descendants of persons enslaved in the U.S. might report West

Black African  Vest Latin Other  Total
American Indies American
Citizen 1,225,627 3,432 4,378 7,744 303,910 1,545,091
(79.32%) (0.22%) (0.28%) (0.50%) (19.67%) (100%)
Non-Citizen 733 1,148 2,066 2,058 2,492 8,497
(8.63%) (13.51%) (24.31%) (24.22%) (29.33%)  (100%)
Total 1,226,360 4,580 6,444 9,802 306,402 1,553,588
(78.94%) (0.29%) (0.41%) (0.63%) (19.72%) (100%)

Table 1: For the population of those classified as “Black alone or in combination with one or more other races,” a cross-tabulation, with row
percentages, of citizenship status with ACS variable ANC1P, “Recoded Detailed Ancestry - first entry” (American Community Survey, 2020).
“Black American” is our combination of codes 900-904. “African” is our combination of codes 508-599, “West Indies” is our combination of
codes 300-370, “Latin American” is our combination of codes 210-295, and “Other” is everything else. Note that code 907, Creole, was only
0.38% of Black citizen and 0% of Black non-citizens; code 937, Cajun, was only 0.03% of Black citizens and 0% of Black non-citizens; and other
potentially relevant codes (927, Appalachian; 939, American; 940, United States; and 983, Texas) were only 1.87% of Black citizens and 0% of
Black non-citizens. Consequently, we include these under “Other.” Also, there are an estimated 18,089 Black citizens who have something other
than one of the “Black American” codes for ANC1P, but have one of those codes for the “Recoded Detailed Ancestry - second entry” variable

(ANC2P), an additional 1.17% of the Black population.
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African ancestry (or even from a specific African nation), and
some Black immigrants might not report a specific national
origin (e.g., 733 Black non-citizens are classified under ancestry
codes associated with Black Americans), these errors are likely
small and balance each other out.

Only 0.55% of the Black population of Louisiana are non-
citizens (i.e. visitors, expatriates, or non-naturalized immi-
grants), and an estimated 79.32% of the citizen Black popu-
lation self-report no ancestry outside of the U.S. This group, an
estimated 1,225,627 people, is 26.28% of the state population.
PUMS data estimates only 201,803 non-Black people of Lat-
inx origin (4.33% of the state population), and 119,449 people
(2.56% of the state population) who are neither white alone or
in combination with one or more other races, nor Black alone or
in combination with one or more other races, nor from Latinx
ancestry. This would be people falling under Census categories
of American Indian, Alaska Native, Asian, Native Hawaiian and
Pacific Islander, some other race, or some combination of the
above.

Consequently, a reparations intervention targeting (only)
Black American descendants of persons enslaved in the U.S.
would affect the vast majority of the non-white population of
Louisiana, and provide a setting in which a two-group matrix
population model is appropriate.

Because other Census variables (especially related to over-
crowding) are not available by ancestry, the approximately 79%
overlap between Black American descendants of persons en-
slaved in the U.S. and the category of “Black alone or in com-
bination with one or more other races” justifies our reliance on
this latter category.

4. Black/non-Black segregation

An Exposure Index is a measure of residential segregation
(Iceland et al., 2002; Massey and Denton, 1988). Exposure
Index ij represents the average fraction of people ‘neighboring’
a member of group i who belong to group j. Here, ‘neighboring’
means residing in the same geographic unit, so the smaller the
units of aggregation, the more epidemiologically informative
an Exposure Index will be. The data available from the U.S.
Census, American Community Survey (ACS) 5-year estimates
for 2018, is at the block group level; excluding block groups
with an estimated zero population, there are 3428 block groups
in Louisiana, ranging in population from 10 to 9634 (median:
1154.5). Block groups with large populations are obviously
not very precise in terms of quantifying potential interpersonal
exposure, but also, block groups with very small populations are
generally rural or otherwise remote large areas and so also do
not quantify potential interpersonal exposure. As such, the block
group level is perhaps not fine-grained enough for precisely
modeling likely intergroup residential transmissibility, but it is
the best available proxy and gives some sense.

If x,,; is the count of members of group i in geographic unit n,
n=1,..,N, x,;is the count of members of group j in geographic
unit n, for i, j = 1,..., M total groups, then the Exposure Index
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Pij is:

N
Xni Xnj
medlgsles) o
! HZ:; Zthlxhi Znﬁle Xnm

Le., it is a summation, across all geographic units, of the
number of members of group i in a given geographic unit nor-
malized by their total population across all geographic units,
times the number of members of group j in that geographic unit
normalized by the total population within that geographic unit.

With matrix algebra, we can get all Exposure Indexes si-
multaneously. Let X € NV*¥ be a matrix whose nmth entry is
the count of individuals of group m living in geographic unit n.
Then the matrix of Exposure Indexes is calculated in R as:

P <= t(X)%*%(X/rowSums (X)) /colSums (X)

We used the ACS 5-year estimates for 2018 at the block
group level, and specifically variable BO2009, “Black or African
American alone or in combination with one or more other races,”
along with B01003, the total population, to get Exposure Indexes
(Table 2).

Black White/Other
Black 62.35% 37.65%
(61.09%, 63.59%) (36.41%, 38.91%)
White/Other 18.80% 81.20%

(18.11%, 19.52%) (80.48%, 81.89%)

Table 2: Exposure Indexes for the Louisiana population, calculated
by U.S. Census block groups from the ACS 5-year estimates for 2018.
Empirical 95% confidence intervals, calculated via bootstrap, are given
in parentheses. If there were no segregation, the matrix would be
( 30% Gav ) i.e. exposure would be equal to proportion of population

regardless of group.

We take the ratio of the off-diagonal terms as capturing the
relative risk ratio of exposure between groups—Black people
are exposed to non-Black people twice as much as the converse.
However, we should not take the Exposure Indexes to overall
correlate with 8’s, since we would want on-diagonal elements
to capture something about how people of the same group are
often living in the same households, leading to far greater po-
tential exposure than what is measured by residence in the same
geographic unit.

5. Race-based differences in overcrowded housing

Following recent investigative journalism explorations around
the importance of overcrowded housing (Chadha, 2020; Coryne,
2020) in transmitting COVID-19, we use 2018 ACS 5-year esti-
mates, for which estimates of overcrowding, disaggregated by
race, are available at the Census tract level. Specifically, we
use ACS variables B256014B_001E, the total population in hous-
ing with a “Black or African American alone householder” per
Census tract, and compare it to B25014B_003E, the population
within that living in housing with “1.01 or more occupants per
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room.” This quantity, also known as persons per room (PPR),
being larger than 1 is a suitable measure of overcrowding (ICF
Consulting, Inc. et al., 2007).

For comparison, we subtract B25014B_001E from ACS vari-
able B25014_001E, the estimated total population per Census
tract, to get the estimated non-Black population. For the general
population (not disaggregated by race), occupants per room are
given with greater detail: owner-occupied and renter-occupied,
and in 5 bins for the ratio (below .50, .51-1.00, 1.01-1.50, 1.51-
2.00, and above 2.01) instead of 2. To make these comparable to
the level of aggregation available for the Black population, we
take the following variables:

e B25014_005E, estimated population in owner-occupied housing
with 1.01 to 1.50 occupants per room;

e B25014_006E, estimated population in owner-occupied housing
with 1.51 to 2.00 occupants per room;

e B25014_007E, estimated population in owner-occupied housing
with 2.01 or more occupants per room;

e B25014_011E, estimated population in renter-occupied housing
with 1.01 to 1.50 occupants per room;

e B25014_012E, estimated population in renter-occupied housing
with 1.51 to 2.00 occupants per room;

e B25014_013E, estimated population in renter-occupied housing
with 2.01 or more occupants per room;

and add them to get an estimate of the total number of people
in overcrowded housing per Census tract. From this we subtract
B25014B_003E to get an estimate of the non-Black population living
in overcrowded housing per Census tract.

ACS 90% margins of error can be propagated through a normal ap-

ZL(%)Z. However, there unfortunately are not
appropriate models to propagate these errors through a regression.
Errors-in-variable models are inappropriate since the size of the er-
rors are proportional to the value of the variables. While results are
significant at the 0.001 level, if we were to account for the ACS sam-
pling error, as well as if we were to account for spatial autocorrelation,

would probably make standard errors larger; but it is unlikely that the

proximation,

Louisiana overcrowded housing, by Census tract
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difference would be so great as to make results no longer significant at
the 0.05 level.

Rather than directly modeling the quotient of the population in
overcrowded housing to the total population per Census tract, as ratios
can have ill-behaved distributions, we model the count of population in
overcrowded housing y in a log-linear model, with the total population
x as an offset (log term with a coefficient set at 1),

log E(y[x) = Bo1 + log(x) @

This is equivalent to E(y|x) = efol+loex = cholgloex — oholy je. the
exponential of the estimated ﬁAo is a fitted ratio of the population in
overcrowded housing to the total population.

As a Poisson model was overdispersed, and there were many Cen-
sus tracts with no population in overcrowded housing, a zero-inflated
negative binomial model (Zeileis et al., 2008) was most appropri-
ate. This is a mixture model Pzing(Y|X) = Ppemouni(Y = 0)I(Y =
O) + (] - PBemoulli(Y = O))PNegBin(le)s where 10g1t IEBe:moulli(y) = Q@
and log IENegBin(Yl)() = o + log(X).

While we could include further covariates for either the zero-
inflation or negative binomial portion of the model, and may do so
in future work, here we used a bivariate specification. For simplicity,
we also run two separate models, one for the Black population and
one for the non-Black population, rather than having indicators with
interactions in one model. Results are shown in Figure | and detailed
in Table 3. For each model, we exclude tracts from where the total
population is zero.

The estimated count ratio for the Black population, 0.0565, is
approximately double that of the non-Black population, 0.0283. If
we average over the estimated number of zeros (the Bernoulli portion
of the model) as well, the difference is slightly less dramatic but still
stark, with ratios respectively of (1 — 0.458) x 0.0565 = 0.0306 and
(1 -0.336) x 0.0283 = 0.0188, different by a factor of 1.63 instead of
2.00.

Note that although this is an ecological model (doing inference
among aggregated units, rather than between individuals), we do not
run into the main problem of ecological inference (Freedman et al.,
2010) because we have the cell counts of the cross-tabulations per
unit (the number of Black people living in overcrowded housing per
Census tract, the total number of Black people per Census tract, the total

Louisiana overcrowded housing, by Census tract
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Figure 1: Top: linear scale, showing a 95% confidence band around the estimated ratio of population in overcrowded housing to total population
for the Black and non-Black population. The ratio of the Black population is approximately double that of the non-Black population. Bottom: same
plot in log scale. Since zeros cannot be plotted on log axis, rug marks are included for Census tracts with zero population in overcrowded housing.
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Black population Non-Black population
Count model coefficients . .
(negative binomial with log link) Estimate 95% CI Estimate 95% CI
ebo (Ratio) 0.0565  (0.0520,0.0614) 0.0283  (0.0264, 0.0303)
6 (Dispersion) 1.15 (0.985, 1.35) 1.32 (1.155, 1.507)
Zero-inflation model coeflicients
(binomial with logit link)
logistic(ayg) 0.458 (0.424, 0.492) 0.336 (0.306. 0.368)
Observations 1,090 1,121
Log Likelihood -3,060.825 -3,699.218

Table 3: Zero-inflated negative binomial fits for Black population and the non-Black population, per Louisiana Census tract. Census tracts with
zero Black or zero non-Black populations respectively were excluded (the zero-inflation is for Census tracts with zero Black or zero non-Black
populations in overcrowded housing, in Census tracts with nonzero total Black/non-Black populations).

number of people living in overcrowded housing per Census tract, the
total number of people per Census tract), rather than just the marginals
(the number of Black people per Census tract, and the number of people
living in overcrowded housing per Census tract). Le., the target of
our inference is not the cell counts of a contingency table (as it is in
ecological inference), but the underlying pattern of the ratio of the
Black population in overcrowded housing to non-overcrowded housing
as compared to the same ratio for the non-Black population over the
geographic variance in Louisiana.

Still, the model is not as reliable as an individual-level model
because it does also not escape a related ecological issue of potential
aggregation bias in geographic units, known formally as the Modifiable
Areal Unit Problem. For example, in the worst case it would be possible
to have a geographic partition designed to “gerrymander” all Black
people living in overcrowded housing into one geographic unit. That
unit that would appear as an outlier on a plot, and would distort the
inference of the overall ratio. But especially since Census tracts are
designed independently of overcrowding, this worst case scenario is
unlikely. And with the large number of Census tracts, the ecological
model provides compelling evidence for a relationship that should exist
at the individual level as well.

6. Race-based differences in frontline work

A March 2020 report from the New York City Office of the Comptroller

used a combination of several values® of the ACS variable INDP vari-
able to code for being frontline workers (Office of the New York City

3 WHL-Grocery and Other Related Product Wholesalers (4470); RET-
Supermarkets and Other Grocery (Except Convenience) Stores (4971); RET-
Convenience Stores (4972); RET-Pharmacies and Drug Stores (5070); RET-
General Merchandise Stores, Including Warehouse Clubs and Supercenters
(5391); TRN-Rail Transportation (6080); TRN-Truck Transportation (6170);
TRN-Bus Service and Urban Transit (6180); TRN-Postal Service (6370);
TRN-Warehousing and Storage (6390); PRF-Services to Buildings and
Dwellings (Except Cleaning During Construction and Immediately After
Construction) (7690); MED-Offices of Physicians (7970); MED—Outpatient
Care Centers (8090); MED-Home Health Care Centers (8170); MED—Other
Health Care Services (8180); MED-General Medical and Surgical Hospitals,
and Speciality (Except Psychiatric and Substance Abuse) Hospitals (8191);
MED-Psychiatric and Substance Abuse Hospitals (8192); MED-Nursing
Care Facilities (Skilled Nursing Facilities) (8270); MED—-Residential Care

Comptroller, 2020). While this excludes a few potentially relevant
categories (e.g., TRN-Taxi and Limousine Service, 6190; and in many
cases RET-Beer, Wine, and Liquor Stores, 4990), we use the same
coding for purposes of comparability, especially as this coding has also
been adopted elsewhere (Rho et al., 2020).

Louisiana frontline workers, by Parish
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Figure 2: 95% confidence bands for the ratio of frontline workers
to total population among the Black and non-Black population. The
estimated ratio of population in overcrowded housing to total population
is double that of the Black population as for the non-Black population.

Unfortunately, occupational data is only available from the ACS
at the county level, again using PUMS, giving only 34 observations
instead of over a thousand like at the Census tract level. While the
results are still significant at the 0.001 level, these results are less
reliable than both a model at the individual level or a model that could
use a larger number of geographic units. Also, again, we do not take
into account spatial autocorrelation nor do we propagate the sampling
error of the ACS. Still, because results are significant at the 0.001 level,

Facilities, Except Skilled Nursing Facilities (8290); SCA-Individual and Fam-
ily Services (8370); SCA—Community Food and Housing, and Community
Services (8380); SCA—Child Day Care Services (8470).
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Black population Non-Black population
Count model coefficients . .
(negative binomial with log link) Estimate 95% CI Estimate 95% CI
ebo (Ratio) 0.1443  (0.1383,0.1507) 0.1022  (0.0995, 0.1050)
6 (Dispersion) 61.46 (31.57,91.36) 155.92 (80.63, 231.21)
Observations 34 34
2 x Log Likelihood —544.656 —-543.912

Table 4: Negative binomial fits for the proportion of the population in frontline work among Black populations and non-Black population, per

Louisiana Parish.

taking these into account would likely not change the results so far as
to no longer be significant at the 0.05 level.

Because of the coarser level of aggregation, there are no geographic
units with counts of zero, meaning we do not need to make a zero-
inflated model. However, the counts are overdispersed, so we still use a
negative binomial model. The fits are plotted in Figure 2, and detailed
in Table 4.

Here, the difference in ratios is less stark, with the percentage of
the population in frontline work being 14.43% for the Black population
versus 10.22% for the non-Black population. Still, proportionately far
more Black people are in frontline work than non-Black people.

7. Back-calculating risk structure from reproduction num-
ber

In epidemiology, structured models that take into account varying
risk groups among a general population are used to understand the
number of secondary infections produced by a single infection among
different groups (Keeling and Rohani, 2007).

However, the converse is seldom explored: if we know something
about the number of secondary infections, it can reveal underlying risk
structures in a population.

G is the next-generation matrix. Its entries can either be expressed
as gi.j, the expected number of infections that an infected individual in
group i causes in group j, or equivalently in terms of “Who Acquires
Infection From Whom” (WAIFW), g;.;. gi; is easily interpreted as
a sort of causal effect of i on j, but collectively, the g;..;’s make sense
as the entries of a transition matrix; that is, entries g;.; makes more
intuitive that multiplying G by a population vector will give the popu-
lation vector for the next generation. However, this is mainly a matter
of notation; so long as we reverse the subscript indexes along with the
arrows, G functions as a transition matrix. We use forward arrows, for
ease of interpreting terms visualized on the plots.

Each entry g;_,; can be broken down in terms of the transmission
rate B;,; of how much group i comes into transmissible contact with
group j, a group’s proportion of the population n; = n;/N, and the
recovery rate y. B is itself the product of the the average contact
rate, ¢;.j, and the transmissibility, 7, although it is not necessary for our
purposes to consider components of §;._, ;.

g g g g Bo=bTh BoowTh
G — b<b web — b-b b-ow — ﬂ“qyb”w ﬁwj:v”w (3)
8bew  Bwew Ew-b  w-w T B

Note that the effect of the off-diagonals is the transpose of the effect
in the Exposure Indexes: instead of a member of group i encountering

a member of group j, it is the members of group i who might infect a
member of group j by having encountered them.

Ry is the solution under equilibrium to the set of differential equa-
tions defined by an SIR model for a structured population; and, that
solution turns out to be equivalent to finding the largest eigenvalue
of the next-generation matrix (Keeling and Rohani, 2007). The char-
acteristic polynomial of the next-generation matrix is det(G — AI) =
/12 - /ltr(G) + det(G) = /12 - A(gbeb + gw—>w) + (gb—»bgw—nv - gw—>bgw—»h)
and R, is the larger of the two roots of this polynomial. Plugging in the
coeflicients to the quadratic equation and rearranging in terms of g,
we get

8w-b8w-b t R()gw—>w - R%

8b-b = )
(gW%w - RO)
Substituting in the components of the g;-;’s, this becomes
ﬁwabﬁw%bﬂbﬂw/’y + ROIBw»wﬂ-W - ng
b = )

ﬂb(ﬁwawﬂw/’y - RO)

This formula tells us that decreasing the ratio of the within-group
transmission rate of the Black population, S8;-, to that of the non-Black
population, 8,5, has the potential to decrease R, until hits an boundary
at 8,7, /7Y, i.e. at g, at which point 3,,,,, dominates and no further
changes to 8-, can affect Ry.

As the curve moves further away from that asymptotic value of Ry,
we can understand the behavior by taking the derivative, which comes
out to:

dﬁbeb _ l + ﬁm%—»bﬂwwbﬂw/’y (6)
dRy  m  mp(Bu-wmt/Y — Ro)?

The derivative implies that, on a plot of R, on the x-axis and ;-
on the y-axis, there will be a vertical asymptote at 8,,_,,,7,,/v, and as Ry
increases, the curve will converge to the line y/x,.

Conversely, if we apply this on a plot of 8., /B, on the x-axis
and Ry on the y-axis (as we think of the risk structure as “causing” the
basic reproduction number), as shown in Figure 3, we flip these patterns;
as B, decreases and gets closer to 3,,,,, Ry will have an asymptote
at 3,7, /v, and as B;_,, grows, the line converges to 8,,.,,7,/y. This
corresponds to 8,,.,8s-p; @ line with slope 8,,-,,7,/y and intercept 0.

The two off-diagonal terms (which, in the 2 X 2 case, are multiplied
together and so only act through their geometric mean and not individ-
ually) control how the curve moves from one regime to the other. If
one or both of off-diagonal terms is zero, the line has a sharp elbow at
m,. /7. In that case, decreasing the risk of the Black population will
decrease Ry until it equals the value of Ry induced by the non-Black
population, after which there is no change.
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Bb»b/ﬂw»w

Figure 3: Relationship of basic reproductive ratio (y-axis) to the ratio
of the Black-Black risk to the white/other-white/other risk (x-axis). The
denominator of this ratio is present only to normalize the x-axis; the
white/other-white/other risk is constant in this plot. See Figure 4 for a
3d plot where this risk also varies.

Increasing the diagonal elements makes the curve smooth out. But
as the cross-term gets larger, it begins to dominate the slope, eventually
becoming a straight line with a y-intercept of Ry. However, off-diagonal
terms that are larger than diagonal terms are generally not epidemio-
logically realistic, so we only illustrate off-diagonal terms up to the
geometric mean of the two terms being approximately equal to 3,,.,,,.

7.1. Varying By -w

In Figure 3, we calculated R, for varying values of 8, and fixed
Brp, but plotted in terms of the ratio B,.,/B,-w, as the values of the
ratio are easier to interpret.

For choosing a value at which to fix §,,-,,, we chose the one that
makes g,., = 1.5, the lowest end of R, estimates, i.e. set S, =
1.5 xy/n, =0.213.

However, we can plot 3,,_.,, as another axis, and see that the relative
patterns captured by the horizontal line S,,-,,7,, /¥, the line with slope
Buw-wTp/y (on a plot with B, on the x-axis, this becomes a line with
slope 7, /7y), and the vertical lines at 1 (on a plot with 8, on the x-axis,
this line is at ,,,,), and the vertical line at &, /7, (on a plot with 8,
on the x-axis, this line is at §8,,,,7,,/7,). And, the larger the geometric
mean of the off-diagonal elements, the “smoother” the curve is versus
having a sharp elbow. This is shown in Figure 4.

7.2. Elasticities

The elasticity is the amount by which a response & changes with a
parameter 6, defined as £ Z—‘;.
For stage-classified population models in demography, correspond-
ing exactly to a structured SIR model in epidemiology, the elasticity
of the first eigenvalue in g;_, ; can be calculated from the left and right

eigenvectors (Caswell, 2019). If v is the right eigenvector of the leading
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08

0.6
04 Bwew

Figure 4: The relationship of 8, and ,,.,, to R, from a “front” view
(top), and a “side” view (bottom) that better shows the sharp elbow
for VBp-wBwp = 0 at different levels of B;_; and B,,,,), for the same
increasing values of VBj-.,By-s, and in the same colors, as in Figure 3
and Figure 5.

eigenvalue of G” (equivalent to the left eigenvector of the leading eigen-
value of G), and u is the right eigenvector of the leading eigenvalue of
G, then the elasticity of the leading eigenvalue (i.e., Ry) with respect to
its entries is:

8i»j dRy _ vil;
Ry dgi"j - viu

O]

This is easier to approach numerically, as the analytic form is
unwieldy. It is also in terms of g,_, rather than ., but the two are
equal:

8b-b ARy Bo-smp/y dRo dPpp _

- dBp-p dgpp

T Poop ARy ¥ _ PBoop dRo
Ro dgp-p Ry

Y Ro dBy-pymy, Ry dBpy
(8)

Elasticities can quantify the relative impact of different interven-
tions. At ranges where an elasticity curve with respect to some input
is above 0.5, it means that at those ranges, intervening on that input is
more effective than intervening on every other input combined.

Figure 5 shows, for different values of the geometric mean of the
off-diagonal terms, that lowering S8, would be more effective than any
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Figure 5: Relationship of the 8, risk elasticity of R, (y-axis) to the
ratio By_p/By-w (x-axis).

other change until 3, is much closer to 3,,-,,, and for small values of
off-diagonal elements, until §,_,, is nearly equal to §,,_,,.

Of course, compelling moral and historical arguments may lead
us to favor taking certain interventions regardless of the sensitivity of
an output to the intervention. But at least at levels of inequality in
group-specific transmission rates consistent with observed epidemic
patterns, this shows how interventions focusing on the most vulnerable
group might also be the most effective approach for reducing overall
transmission.
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